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relation Var (X,,,) = #? Var (X)) + p"¢% Conclude from either form that
Var (Xn) = 0.2(”211—2 + y2"_3 = #n—l).

8. Continuation. If n > m show that E(X,X,,) = p""E(X2).

9. Continuation. Show that the bivariate generating function of (X,,, X,) is
Pr(s1Pp_nlsy)). Use this to verify the assertion in problem 8.

10. Branching processes with two types of individuals. Assume that each
individual can have descendants of either kind; the numbers of descendants
of the two types are regulated by two bivariate generating functions Py(s,, 5,)
and P(sy, 5;). We have now two extinction probabilities =, y depending on the
type of the ancestor. Show that the pair (,y) satisfies the equations

(61) X = Pl(w’ y)’ ?/ = Pz(x, y)"

Prove that these equations have at most one solution 0 <z <1, 0 <y <1
different from (1, 1). The solution (1, 1) is unique if, and only if, u;; <1,
oP(1, 1)

aSj

Hea <1 and (1 — ) — Hae) 2 patiyy Where py; =

CHAPTER XIII

Recurrent Events.

Renewal Theory

1. INFORMAL PREPARATIONS AND EXAMPLES

We shall be concerned with certain repetitive, or recurrent, patterns
connected with repeated trials. Roughly speaking, a pattern & qualifies
for the following theory if after each occurrence of & the trials start from
scratch in the sense that the trials following an occurrence of & form a
replica of the whole experiment. The waiting times between successive
occurrences of & are mutually independent random variables having the
same distribution.

The simplest special case arises when & stands as abbreviation for “a
success occurs” in a sequence of Bernoulli trials. The waiting time up to
the first success has a geometric distribution; when the first success occurs,
the trials start anew, and the number of trials between the rth and the
(r+1)st success has the same geometric distribution. The waiting time up
to the rth success is the sum of r independent variables [example IX,(3.c)].
This situation prevails also when & stands for “a success followed by
failure”: The occurrence of the pattern SF reestablishes the initial
situation, and the waiting time for the next occurrence of SF is independ-
ent of the preceding trials. By contrast, suppose that people are sampled
one by one and let & stand for “two people in the sample have the same
birthday.” This & is not repetitive because after its first realization &
persists forever. If we change the definition to *“& occurs whenever the
birthday of the newly added person is already present in the sample,” then
& can occur any number of times, but after an occurrence of & the process
does not start from scratch. This is so because the increasing sample size
makes duplications of birthdays more likely; a long waiting time for the
first double birthday promises therefore a shorter waiting time for the
second duplication, and so the consecutive waiting times are neither inde-
pendent nor subject to a common distribution.
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